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Suppose that the underlying stochastic process X; satisfies the following stochastic
differential equation:
dXt = CL(Xt)dt + b(Xt)th, (1)

where

a(Xy) = a(G—X;) and b(X;) =0,

and W, is a Brownian motion. This is the Ornstein-Uhlenbeck process and is the
process we use to model the evolution of inflation. (The Ornstein-Uhlenbeck process
is described in [1].) To solve this equation, let Y; = X; — G. Then dY; = dX; and

dY; = —aY; + odW,.
Multiplying by e leads to

e dY, + ae™Y, = ge®dW,

and so . .
/ (V) = 0 / e AW,
0 0
Therefore,
t
ey, =Y, + O'/ e* dWs,
0
namely

t
Vi=e"Yy+o / e W,
0
Therefore, the solution to equation (1) is
t
X =(Xo—Ge ™+ G+ 0/ =0 d1y,. (2)
0
Now, the mean of X; is

t
EX,) = E|(Xo—Q®)e ™ +G+o / et dWS]
0

t
= E[(Xo— Qe +G]+E {o— / e dWS}
0
t
= (Xo—Q@)e ™+ G +0oR { / 5=t dWsl
0
= (XO — G)eiat + G,

where we have used the martingale property of It6 integrals, namely, for an appro-
priate function f,

E [/Otf(ws,s) dWS] = 0.
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Therefore, the variance of X, is

Var(X;) = E[(X; - E[X}])?

t 2
(/ ea(s—t) de)
0
t
_ 0_2/ 62a(s—t) ds
0

0.2

= —(1—= —2at
Z (11— e,

= o’E

where we have used Ito isometry, namely, for an appropriate function f,

(/Otﬂm, s) dWsﬂ = /OtE[f(WS,S)z] ds.

t
Ue_at/ e ds = z(1 —e )
0 «

T
WT:/ dWs.
0

Therefore, using equation (2), we can approximate the terminal value X7, i.e., the
value of the underlying at the option maturity date T', by

E

Now, we know that

and that

o(l —e o)

XT = (Xo — G)e_aT + G + a

Wr.

The payoff of a call option with strike K at maturity is given by
7TC<T, XT) = max{XT — K, 0}

Suppose Q is the risk-neutral measure under which the stochastic process X; is a
(Q, {Fi}+>0)-martingale, where {F}:>o is a filtration to which X; is adapted. Then,
by the Fundamental Theorem of Asset Pricing [2], the price of the call option at time
t < T is given by

o(l —eoT)

Eq[m(t, X7)|F] = Eq {e_”(T_t) max {(XO -~ @)e T+ G+ -

WT - K7 0}‘ E:| )
where 7 is the risk-free rate of interest. Therefore, the value of the call option today,
i.e., when t =0, is

1 — e—aT)

Egl[r:(0, X7)] = e "TEq [max {(XO — e T+ G + il -

Wr - K0}

Since Wr ~ N(0,/T), we have —Wy/v/T ~ N(0,1). To see this, note that the
probability density function for the normal distribution with mean p and variance o>

1s
1

T, 0) = —=—=—=
f(zyp,0) 53

e~ (@=)?/20%
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Substituting y = 0 and o = —/T/+/T into this function gives f(z) = (1/v/2m)e /2
and so —Wp/VT ~ N(0,1). Writing y = —Wp/VT, we have Wy = —yv/T and
clearly y ~ N(0,1). Then

—rT 00 T(1 — —aT ,
Eq[r(0, X1)] = f/% max {(Xo ~G)e T +G - K - oy - ‘ ),o} V12 dy,

To calculate this integral, we need to determine the range of y for which the integrand
is positive. We have

_ ,—aT
maX{(XO_G)eaT_'_G_K_ O-y\/T(la e )’0}

BN ((E ol W EE- R et 21

o oVT(1 —e=aT)
Write
Fly) = a{(Xo— Ge T + G - K} B
Y oVT(1 —e=aT) Y
and
- a{(Xo— @)e T + G - K}
o—ﬁ(l —eaT) '
Then
F(y) >0 iff y < f*
and so

Eg[m.(0, X7)] = e T Eq

Q%_GWM4G_ﬂMﬂ“*ﬂ”_K)Mw@l

«

We, therefore, integrate over the range (—oo, f*] to obtain

o —eoT) (af(Xy — G)e T — 279
Traln0. %) = —= [P e R ey

oVT(1 —e=aT)
_ [(X -G+ G~ K] /f* oV gy oVT(1 —eT) /f*
V2or oo aN/ 2T oo
o —aT o f* ) _ —aT fr
_ [(Xo-G)e "+ G K]/ e_y/2dy+o\/?(1 e )/ d
\/ﬁ —o0o oV 2T —00 dy
—a f* —a —(f*)?
_ (X0 —G)e T+G—K]/ e_yz/Qderaﬁu—e Ty e=()%/2
V2 oo a V2
o . oVT(1—e T .
= (X% - 0T+ 6 - KN + Dy
where .
1 2
N(f)=—= [ e*d
(f ) \/% _Ooe L
and

nuw:Nwﬂ:V%awwz

ye V2 dy



Note that the equation
/f* d 22 _ (52
—e dy =e
oo Ay

[e.e]
is got by using
2
lim e¥/%2=0.

y——00

Finally, the value of the call option is then given by
Eq[m(0, X7)] = e [g N(f*) + mn(f")],

where
oVT(1—eT)

«

g=(Xo—G)e "+ G~ K and m =

A similar analysis can be undertaken to value a put option, where the payoff is given
by
7,(T, Xr) = max{K — Xr,0}.

Therefore, the value of a put option is given by
Eq[my(0, X7)] = ¢ 7T [g N(f*) + mn(f7)],

where
. a{K — (X — G)e=oT — G}
N oV/T(1 — e—oT)

The Greek sensitivities delta, vega, and gamma of the call option price can be com-
puted as follows:

and §=K — (Xo— Qe - G.

(0, Xr) = TN ("),
VI(1— ee)

«

X, ¢
n(f*),

0
Vo= oom(0,Xr) =

82
I = a—)(gTFC(O, XT)

_ a —aT *
= 6_X0€ N(f*)

_ ot O 0
= e e N0

a *
K~

a€72aT

N oVT(1— e*"‘T)n(f*)'

Similar results can be obtained for put option sensitivities.
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